Generically, one can attach to a Q-curve C octahedral representations ρ : Gal(Q/Q) −→ GL 2 (F 3 ) coming from the Galois action on the 3-torsion of those abelian varieties of GL 2 -type whose building block is C. When C is defined over a quadratic field and has an isogeny of degree 2 to its Galois conjugate, there exist such representations ρ having image into GL 2 (F 9 ). Going the other way, we can ask which mod 3 octahedral representations ρ of Gal(Q/Q) arise from Q-curves in the above sense. We characterize those arising from quadratic Q-curves of degree 2. The approach makes use of Galois embedding techniques in GL 2 (F 9 ), and the characterization can be given in terms of a quartic polynomial defining the S 4 -extension of Q corresponding to the projective representation ρ.
Introduction
The motivation of the present paper is nailed in the context of a conjecture of Serre [Ser87] : odd irreducible residual 2-dimensional linear representations of Gal(Q/Q) should arise from modular abelian varieties. Rephrasing it, in a weaker form, we can say that they should arise from abelian varieties of GL 2 -type. Our aim is to explore the minimal dimensions for these abelian varieties, as well as for their building blocks. Here, we will restrict ourselves to certain mod 3 octahedral Galois representations. For previous work in this direction, we refer to [SBT97] and [LR95] . Before explaining the plan of the paper, we begin by reviewing the basic ingredients that will be used.
• Q-curves and abelian varieties of GL 2 -type. Throughout, the term Q-curve will stand for a non-CM elliptic curve defined over Q which is isogenous to all its Galois conjugates. An isogeny between a Q-curve and one of its conjugates is then determined up to multiplication by rational numbers; we say that the Q-curve is completely defined over a Galois number field if all its conjugates and the isogenies between them are defined over that field. By a Q-curve of degree N we will mean a Q-curve defined over a quadratic field, with non-rational j-invariant, and having an isogeny of degree N to its conjugate curve.
An abelian variety A defined over Q is said to be of GL 2 -type if its algebra of Q-endomorphisms Q ⊗ End Q (A) is a number field of degree dim(A). Such an abelian variety is Q-simple and it is isogenous to the power of some absolutely simple abelian variety, which is called its building block (see [Rib94] and [Pyl95] ). In [Rib92] , Ribet characterizes Q-curves as the elliptic curves C over Q which are the building block of some abelian variety A of GL 2 -type; we refer to this situation by saying that A is an abelian variety attached to the Q-curve C. Conjecturally, Q-curves are the (non-CM) elliptic curves over Q which are quotient of some modular curve X 1 (N ).
• Octahedral representations. Let k be a perfect field. Given a continuous representation ρ : Gal(k/k) → GL(V ), let ρ denote its associated projective representation; i.e., the composition of ρ with the canonical map π : GL(V ) → PGL(V ). Usually, we will denote by K ρ and K ρ the fixed fields of ρ and ρ, respectively. Such a representation ρ is called octahedral if the image of ρ is isomorphic to the symmetric group S 4 . Mostly, we will be dealing with odd representations ρ : Gal(Q/Q) → GL 2 (F 9 ) such that ρ : Gal(Q/Q) → PGL 2 (F 9 ) has image isomorphic to PGL 2 (F 3 ) ≃ S 4 .
• Principal quartics. Let K 1 /k be an extension of number fields of degree 4. We will say that K 1 /k is a principal quartic if there is a polynomial f (X) = X 4 + b X + c ∈ k[X] with splitting field the Galois closure of K 1 in k. We will also say that f is a principal quartic polynomial. Whenever Gal(f ) is isomorphic to S 4 , the mod 3 octahedral representations attached to f will also be called principal.
In section 2 we explain how to attach octahedral Galois representations to Q-curves. Section 3 deals with octahedral embedding problems in GL 2 (F 9 ), and section 4 is devoted to linking them to principal quartics. The characterization of octahedral extensions of Q arising from Q-curves of degree 2 and the Q-endomorphism algebras of the abelian varieties of GL 2 -type attached to them are explained in sections 5 and 6. Finally, section 7 contains several numerical examples to illustrate the different embedding problems considered in the previous sections.
Octahedral representations attached to Q-curves
Let C be a Q-curve defined over a number field k and let p be a prime number. Set G k = Gal(k/k) and consider the representation
given by the action on the p-torsion module of C. In this section we briefly explain, following [ES00] and [Rib92] , a procedure to obtain continuous representations G Q −→ GL 2 (F p ) whose restriction to G k is isomorphic to a twist of ρ C,p . For p = 3, and assuming ρ C,3 to be surjective, this procedure gives rise to octahedral representations.
Fix {µ σ } σ∈G Q a locally constant system of isogenies. That is, for every σ ∈ G Q we choose an isogeny µ σ : σ C → C in such a way that µ σ = µ τ whenever σ and τ restrict to the same embedding of k into Q. Also, we take µ σ to be the identity for all σ in G k . The map
is a 2-cocycle of the group G Q with values in Q * . If we let G Q act trivially in Q * , the corresponding cohomology group H 2 (G Q , Q * ) is trivial (see [Ser77] and [Que95] ), so that there exists a continuous map α :
for all σ, τ ∈ G Q . In particular, the restriction of α to G k is a Galois character ψ. Let E be the number field generated by the values of α. For each prime p of E over p, we let E p be the completion of E at p, viewed as a finite extension of Q p . Consider now the p-adic Tate module T p (C) and the usual representation φ C,p of G k attached to it. For each p as above,
is then a 2-dimensional E p -vector space with an action of G Q given by
where P denotes an element of T p (C). Thus, we have a representation
By choosing appropriate bases for T p (C) and T p (C), we can assume that φ C,p has image inside the subgroup E * GL 2 (Z p ) and also that its restriction to G k equals ψ −1 ⊗φ C,p . Notice that φ C,p depends not only on the prime p, but also on the splitting map α. Observe also that any other splitting map differs from α by a character of G Q . Associated with this splitting map, in [Rib92] Ribet attaches to C an abelian variety A of GL 2 -type having the number field E as algebra of Q-endomorphisms. It is constructed as a Q-simple factor of the abelian variety Res L/Q (C) obtained by restriction of scalars from a certain Galois extension L of Q, depending on α, over which the Q-curve is completely defined. Moreover, in [Pyl95] it is shown that any abelian variety attached to C is obtained, up to isogeny, from this construction applied to some splitting map. The Galois action on the p-adic Tate module V p (A) defines, for each prime p of E over p, a representation
whose isomorphism class has an attached reduction ρ A,p over the residue field F p of p. For an account on p-adic representations attached to abelian varieties of GL 2 -type and their reductions mod p we refer to [Rib92] and, in a more general setting, to [Rib76] .
According to [ES00] , φ C,p is an odd continuous representation isomorphic to Ribet's φ A,p . Also, it has some conjugate over Q p with a reduction taking values into F * p GL 2 (F p ). From all the above, we have the following result:
Proposition 2.1 Let C be a Q-curve over a number field k, and A over Q be an abelian variety of GL 2 -type associated with a splitting map α as above. For every prime ideal p of Q ⊗ End Q (A) over a prime p, we have, attached to C and p, an odd representation
such that:
• its restriction ρ A,p |k to G k is isomorphic to ψ −1 ⊗ ρ C,p , where ψ is the reduction mod p of ψ = α |k . In particular, ρ A,p |k and ρ C,p have the same fixed field.
We will say that ρ : G Q → GL 2 (F p ) arises from a Q-curve if ρ is isomorphic to a representation ρ A,p attached to a Q-curve as described in the proposition. Notice that this property is invariant by twists; so we will also say that ρ arises from a Q-curve and that A is an abelian variety attached to ρ.
The rest of the paper deals with the particular case in which p is 3. Assume that ρ C,3 is surjective or, equivalently, that the fixed field of ρ C,3 is an S 4 -extension of k. We recall that this field is obtained by adjoining to k the x-coordinates of the 3-torsion points of C using any Weierstrass equation for C over k, and it contains the cubic roots of unity. With that starting point, any representation
attached to C and 3 like in proposition 2.1 is octahedral. If k is a quadratic field, then for any such ρ the fixed field of ρ is the unique S 4 -extension of Q whose compositum with the quadratic k equals the fixed field of ρ C,3 .
Here we will only be concerned with Q-curves over quadratic fields. It is a fact that any Q-curve C of degree 2 has always an attached abelian variety with Q-endomorphism algebra Q √ 2 , √ −2 (see [Que00] and section 6). In this number field there are two primes over 3, each one with residual degree 2. Hence, in the surjective case, there exist odd octahedral representations
attached to Q-curves of degree 2. Our main goal is to characterize octahedral Galois representations into GL 2 (F 9 ) arising from Q-curves of degree 2.
3 Octahedral embedding problems in GL 2 (F 9 )
The aim of this section is to determine the possible images of odd octahedral representations G Q → GL 2 (F 9 ) and to relate them to certain Galois embedding problems given by central extensions of S 4 with kernel a cyclic group of order a power of 2. Let K/Q be an S 4 -extension, and consider a projective representation
A lifting of ̺ is a representation ρ : G Q → GL 2 (F 3 ) such that ρ = ̺, where ρ denotes as above the composition of ρ with the canonical map π : GL 2 (F 3 ) → PGL 2 (F 3 ). If we denote by K ρ the fixed field of ρ, we have a commutative diagram
The degree of the cyclic extension K ρ /K is called the index of the lifting ρ. By a result of Tate (see [Ser77] and [Que95] ), such a lifting ρ always exists. All liftings of ̺ are then ρ⊗ε, for all characters ε : G Q → F * 3 . In particular, we can define ̺ to be odd if det ρ is an odd character. This is equivalent to saying that the fixed field of det ρ is a CM field, and also to saying that the fixed field K of ̺ is not real.
The results of [Que95] show that ̺ has always a lifting ρ of index 2 r for some positive integer r. Then, Imρ is a central extension of Imρ ≃ S 4 by a cyclic group C 2 r of order 2 r . As an element of the cohomology group H 2 (S 4 , C 2 r ) this image has only two possibilities, denoted by 2 r S + 4 and 2 r S − 4 . Besides, up to twists of ρ preserving the fixed field K ρ , we can assume det ρ to have order either 2 r or 2 r−1 , depending on the quadratic subextension of the cyclic extension K detρ /Q (see remark 3.1 below).
Before reproducing more precisely (in propositions 3.1 and 3.2 below) the relationship between liftings of ̺ and solutions to the embedding problems associated with the above extensions of S 4 , we need some more cohomology.
For any Galois character ε : G Q → F * , with F an algebraically closed field of characteristic different from 2, let [ε] be the pull-back by ε of the exact sequence
It is the element of H 2 (G Q , {±1}) ≃ Br 2 (Q) giving the obstruction to the existence of a character ψ : G Q → F * such that ψ 2 = ε. It can also be interpreted as the obstruction to embedding the fixed field K ε of ε into a cyclic extension of Q having twice its degree. Let now [s − 4 ] be the pull-back by ̺ of the exact sequence Let K 1 /Q be a quartic extension with normal closure K/Q and discriminant d K 1 , and let w ∈ Br 2 (Q) be the Witt invariant of the quadratic form Tr K 1 /Q (x 2 ). We have then the formula [s
, due to Serre and Vila (cf. [Ser84] , [Vil88] ). Let also ε M : G Q → F * 3 be the Galois character attached to M = Q( d K 1 ), the only quadratic subfield of K. The next propositions come straightforward from the above theorem, Serre-Vila's formula and the results of [Que95] .
Proposition 3.1 The embedding problem
is solvable if and only if there exists a character ε :
Moreover, ρ → K ρ (resp. ρ → det ρ) is a surjective map from the set of liftings of ̺ of index 2 r and determinant of order 2 r to the set of solutions to the embedding problem (resp. to the set of Galois characters ε satisfying conditions (a + ) and (b + ) ).
Proposition 3.2 The embedding problem
is a surjective map from the set of liftings of ̺ of index 2 r and determinant of order 2 r−1 to the set of solutions to the embedding problem (resp. to the set of Galois characters ε satisfying conditions (a − ) and (b − ) ).
] is also the obstruction to the solvability of the embedding problem 2 S − 4 → S 4 ≃ Gal(K/Q). In particular, this problem is never solvable when K is not real.
Remark 3.1 For a lifting ρ as in the propositions, the following diagrams show where the fixed field of ε = det ρ lies in each case. Note that the extension K ρ /K det ρ has Galois group SL 2 (F 3 ) ∩ Imρ, with order |S 4 | in the first case and 2|S 4 | in the second case.
All liftings of ̺ of index 2 r and determinant of order 2 r (resp. order 2 r−1 ) are then ρ ⊗ ψ, for all characters ψ of order dividing 2 r (resp. of order dividing 2 r and, for r > 1, such that ψ 2 r−1 is different from the quadratic characters (det ρ) 2 r−2 and ε M (det ρ) 2 r−2 ).
We are interested in liftings of ̺ into GL 2 (F 9 ). The restriction of such a lifting ρ to G K takes values in F * 9 , so that Imρ ≃ 2 r S + 4 or Imρ ≃ 2 r S − 4
for r either 1, 2 or 3; we exclude the case r = 0 because ̺ cannot have trivial liftings, as one can easily see from the character table of S 4 . The actual possibilities for Imρ are computed in the next proposition. We must first introduce some notation relative to the groups GL 2 (F 3 ) and F * 9 . The first one is the subgroup S, T of GL 2 (F 9 ) generated by the matrices S := 1 0 0 −1 and
As for the multiplicative group of F 9 , if we let ζ and i be respectively an eighth and a fourth primitive root of unity in F 3 , then its non-trivial subgroups are ζ = F * 9 , ζ 2 = i and ζ 4 = −1 = F * 3 . Notice also that it makes sense to define det : PGL 2 (F 3 ) → {±1} as the natural morphism induced by the determinant det : GL 2 (F 3 ) → {±1}.
Proposition 3.3 The image of an octahedral representation
is conjugate to one of the following subgroups of F * 9 GL 2 (F 3 ) :
The third case does never occur if ρ is odd. The outer automorphism groups of the five groups above are:
where ϕ, f 1 and f 2 are involutions respectively defined by
Proof. There is only one conjugacy class of subgroups isomorphic to S 4 in PGL 2 (F 9 ). From this fact, together with the observation that two subgroups H 1 and H 2 of GL 2 (F 9 ) have the same image by π if and only if F * 9 H 1 equals F * 9 H 2 , one deduces that Imρ is conjugate in GL 2 (F 9 ) to some subgroup of F * 9 GL 2 (F 3 ). The projection of this last group to PGL 2 (F 3 ) is the canonical embedding of PGL 2 (F 3 ), so we can assume that Imρ has the same image by π as GL 2 (F 3 ), and we must see then that it equals one of the groups in the statement.
Under this assumption, Imρ contains the subgroup H j,k := ζ j S, ζ k T for some j, k ∈ {0, 1, . . . , 7}. Since the orders of S and T are 2 and 6 respectively, we have that some (even) power of the matrix ζ j S becomes the homothety −1, and the same happens to the matrix ζ k T , except for the cases j, k ∈ {0, 4}, which correspond to the group GL 2 (F 3 ); hence, we always have F * 3 ⊂ H j,k . Using also the relations (ζ S) 3 = ζ 3 S, (ζ 3 S) 3 = ζ S, (ζ T ) 7 = −ζ 3 T and (ζ 3 T ) 7 = −ζ T , we can restrict ourselves to the nine cases j, k ∈ {0, 1, 2}, which in fact reduce to five:
Since G j ⊂ Imρ ⊂ G 5 for some j and π(G j ) = π (GL 2 (F 3 )) = π(Imρ), the only possibilities for Imρ are G j , i G j or F * 9 G j . The subgroups G 2 and G 4 are maximal in G 5 . Moreover, one can easily see that i G 1 = i G 3 = G 4 and F * 9 G 1 = F * 9 G 3 = G 5 . Hence, Imρ equals one of the five groups above. Each G j corresponds to an element of H 2 (S 4 , C 2 r ) for some r = 1, 2, 3 and can be realized as a Galois group over Q (see [Son91] ), so that G j ≃ 2 r S + 4 or G j ≃ 2 r S − 4 . The isomorphism class of G j is determined by the orders of G j and G j ∩ SL 2 (F 9 ), which are displayed in the following table.
The only non-obvious row is the second one, for which some computations using GAP have been made. The rest of the proposition is an easy calculation.
Remark 3.2 Assume for simplicity that Im̺ is the canonical embedding of PGL 2 (F 3 ) inside PGL 2 (F 3 ). The following facts are then easy to deduce from what has been said before in this section:
(a) Any lifting of ̺ into GL 2 (F 9 ) has image exactly one of the five groups in the statement of the previous proposition.
(b) The existence of a lifting ρ of ̺ with image one of the five groups above amounts to the solvability of the embedding problem
, respectively. In this case, any other liftings of ̺ with the same index and the same order of determinant as ρ (see remark 3.1) have also the same image as ρ.
(c) Let η : G Q → GL 2 (F 9 ) be an octahedral representation with K η = K.
Since K η is a solution to someone of the embedding problems in (b), there exists a lifting ρ of ̺ into GL 2 (F 9 ) with the same fixed field as η. Then η is conjugate to ρ or to a twist ρ ⊗ ε; more precisely, the outer automorphism groups above determine, depending on Imρ, the possibilities for the character ε :
All the above twists preserve Imρ, so that η is conjugate to a lifting of ̺ into GL 2 (F 9 ).
Let us now write down in terms of Hilbert symbols the obstructions to the solvability of the embedding problems defined by the groups in proposition 3.3. If ε : G Q → F * is the character attached to a quadratic field Q( √ b ), the corresponding element [ε] of Br 2 (Q) is given by the Hilbert symbol (−1, b). Provided that it is trivial, all cyclic extensions of Q of degree 4 containing Q(
For a Galois character ψ having fixed field one of these quartics, [ψ] is given by the product (2, b) ⊗ (−1, r). From propositions 3.1 and 3.2 we get the following corollary.
Corollary 3.1 Consider the embedding problems
for G one of the groups 2 S We must always have d K 1 > 0 in the second case. If K is not real, then we must have d K 1 < 0 in the first case, and hence the embedding problems cannot be both solvable. If we replace Q by any number field k, these obstructions remain valid in Br 2 (k) (see [Cre98] ).
(b) Given b 0 , r 0 ∈ Q * /Q * 2 satisfying the conditions of the corollary, any other b (resp. r) is obtained from b 0 (resp. r 0 ) by multiplying by 2 and primes p ≡ 1 (mod 8) (resp. by 2 and primes p ≡ 1 (mod 4) ).
In particular, the solvability of 8 S . Assume also that ̺ is odd. For each pair b, r ∈ Q * (necessarily with b > 0 and r < 0) satisfying the conditions in the corollary, let ε : G Q → F * 9 be a character with fixed field
for any x ∈ Q * such that b − x 2 ∈ Q * 2 . Then, there is a lifting ρ : G Q → GL 2 (F 9 ) of ̺ with det ρ = ε. Moreover, Imρ is determined by the values of b and r in Q * /Q * 2 :
. This is the only case for which
In each case, as it is shown in the diagrams below, K ρ is a quadratic extension of KK det ρ which solves the corresponding embedding problem attached to K/Q, and every solution to it is of the form K ρ for some lifting ρ of ̺ into GL 2 (F 9 ). Kρ K n n n n n n n n n n n n n n
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Principal quartics and embedding problems
We now want to study the solvability of the above embedding problems in the particular case of octahedral extensions defined by principal quartic polynomials.
Before going on, we need to fix some terminology. Let K 1 be a quartic extension of a number field k with octahedral normal closure inside k, and consider the trace linear form Tr K 1 /k . Since K 1 /k has no quadratic subextensions, the map sending each β ∈ K 1 to its minimal polynomial over k becomes a one-to-one correspondence between elements β ∈ K * 1 with Tr K 1 /k (β) = 0 and reduced polynomials f (X) = X 4 +a X 2 +b X +c ∈ k[X] defining the extension K 1 /k. Given such a polynomial f , with root β in K 1 , and m, n, p ∈ k not all three zero, we define the reduced Tschirnhaus transformation Tsc(f ; m, n, p ; X) as the minimal polynomial over k of the trace-zero primitive element
where the value of q is determined by the condition Tr K 1 /k (γ) = 0. This reduced polynomial can be computed by means of a resultant:
Notice
(4 c m + 3 b n)
; X is also a principal polynomial defining K 1 /k.
be the discriminant of the k-algebra K 1 . In K 1 we have the trace bilinear form B(x, y) = Tr K 1 /k (x y) and the trace quadratic form
which has discriminant d K 1 . We have already seen how the invariants disc Q ∈ k * /k * 2 and w(Q) ∈ Br 2 (k) attached to this quadratic form appear in the obstruction to the solvability of certain octahedral embedding problems. Let us see how they can be used to characterize principal quartics.
. This is a k-vector subspace of K 1 whose orthogonal complement with respect to the bilinear form B is k. Since Tr K 1 /k (1) = 4, we have that
where Q Z denotes the restriction of Q to Z. Thus, the quadratic forms Q and Q Z have the same discriminant and the same Witt invariant. For every nonzero β ∈ Z its minimal polynomial f over k is reduced and the coefficient of X 2 in f is
The existence of a polynomial X 4 + b X + c defining K 1 /k is equivalent to the existence of an element β ∈ K * 1 such that Tr K 1 /k (β) = Tr K 1 /k (β 2 ) = 0, namely to the representability of zero by Q Z , which is given by the element w(Q Z ) ⊗ (−1, −disc Q Z ) in Br 2 (k). Putting all together, we have the following result.
Lemma 4.1 A quartic extension K 1 /k is principal if and only if
where w is the Witt invariant of the trace quadratic form Tr K 1 /k (x 2 ) and d K 1 is the discriminant of K 1 /k.
Remark 4.2 This condition is explicitly computable from any polynomial
, where ξ = (2 a d K 1 , 2 a 3 + 9 b 2 − 8 a c), so that the condition of the lemma is equivalent to the triviality of the Hilbert symbol ξ. Notice also that the rank 3 quadratic form Q Z represents 0 if and only if it represents −d K 1 , and this amounts to the existence of a polynomial f like above such that
The following result characterizes principal quartics of Q with octahedral normal closure in terms of the solvability of the corresponding Galois embedding problem attached to the central extension 8 S Proof. By lemma 4.1 and corollary 3.1, the obstructions to (a) and (b) are respectively given by the elements w ⊗ (−1,
, where w is the Witt invariant of the trace quadratic form attached to K 1 /Q. Recall that, for an odd prime p, the Hilbert symbol (2, p) (resp. (−1, p) ) is trivial if and only if p ≡ 1, 7 (mod 8) (resp. p ≡ 1, 5 (mod 8) ), while (2, 2) = (−1, 2) = 1. Since
both obstructions are the same. The rest of the theorem is a straightforward consequence of corollary 3.1. (c) For a discriminant d K 1 corresponding to a principal quartic K 1 /Q, the graphic below shows, in terms of its factorization in Q * /Q * 2 , which of the embedding problems involved in the theorem are solvable. We have also marked two more sets of discriminants (the reason will become apparent in section 6):
• Those such that (−1, −3 d K 1 ) = 1, which is equivalent to the existence of some element in Q( −3 d K 1 ) with norm −1. In this case, if d 5 = 1, none of the embedding problems in (1), (2), (3) is solvable.
• Those such that (2, −3 d K 1 ) = 1, which is equivalent to the existence of some element in Q( −3 d K 1 ) with norm 2.
Notice that 2, −2 and −1 are all norms of elements in
Solvability in GL 2 (F 9 ) for odd principal quartics
We finish this section with the following generalization of point (1) in the previous theorem. 
Remark 4.4 For a representation ̺ like in the theorem, det ̺ is the character G k → F * 3 attached to the quadratic extension k d K 1 /k. It equals the mod 3 cyclotomic character if and only if d K 1 = −3. In this case, conditions (a) and (b) become equivalent, and the results of [LR95] show that they are also equivalent to the existence of (infinitely many) elliptic curves E defined over k such that K is the fixed field of ρ E,3 , where ρ E,3 is the Galois representation attached to the 3-torsion points of E. Every lifting of ̺ to GL 2 (F 3 ) is then of the form ρ E,3 for some elliptic curve E. We will give a generalization of that result for the non-cyclotomic case in theorem 6.1 below.
Q-curves of degree 2 and principal quartics
For every squarefree positive integer N , let X * (N ) be the quotient of the modular curve X 0 (N ) by the automorphism group of Atkin-Lehner involutions. Let r be the number of prime factors of N . The curve X * (N ) is defined over Q, and every non-cusp non-CM Q-rational point lifts to a Galois stable set of 2 r points on X 0 (N ) whose j-invariants correspond thus to Q-curves having an isogeny of degree dividing N to each one of its conjugate curves. After Elkies's preprint [Elk93] (see also [BL99] ), we know that every Q-curve is isogenous to one attached to a rational point of X * (N ) for some N . In [GL98] , an explicit method is given to parametrize all the Q-curves arising from the rational points of X * (N ) whenever this curve has genus zero or one. Conjecturally, these exhaust all the isogeny classes of Q-curves up to a finite (non-empty) set.
We now want to consider Q-curves of degree 2. The isomorphism classes of such curves are parametrized by the non-cusp non-CM Q-rational points of the genus-zero curve X * (2) whose preimages on X 0 (2) have non-rational j-invariant. Recall that the modular function
24
, η(z) being the Dedekind function, is a Hauptmodul on X 0 (2) defined over Q. By applying the ideas of [GL98] to the Hauptmodul
on X * (2), one obtains the following parametrization of the j-invariants associated with the non-cusp Q-rational points on X * (2):
for t in Q \ {1} and with j ∞ = 1728. A Weierstrass model for j t is
Note that there are infinitely many (isomorphism classes of) Q-curves of degree 2 defined over any fixed quadratic field.
We can now show the link between Q-curves of degree 2 and principal quartic extensions of Q. A non-CM elliptic curve C is a Q-curve of degree 2 if and only if it is isomorphic to C t (changing, if necessary, C t by its conjugate curve) for some non-square rational value of t. In this case, the quadratic field of definition of C is Q( √ t ), and any Weierstrass model Y 2 = X 3 + A X + B for C over Q( √ t ) must be a quadratic twist of C t . In particular, the fixed field of ρ C,3 is the splitting field over Q( √ t ) of the polynomial f t (X) = X 4 − 12 (5 + 3 √ t ) X 2 + 32 (7 + 9 √ t ) X − 12 (25 + 9 t + 30 √ t )
whose roots are the x-coordinates of the 3-torsion points of C t . Assume that this polynomial has octahedral Galois closure, which amounts to saying that ρ C,3 is surjective. Let then K C be the only S 4 -extension of Q whose compositum with Q( √ t ) is the fixed field of ρ C,3 (see section 2), and put d C to denote its discriminant. The Tschirnhaus transformation
; X takes f t to the principal quartic polynomial
Since g t has rational coefficients, K C is the splitting field of g t over Q. Moreover, the discriminant of g t is −2 8 3 3 t (t − 1) 8 . Hence, d C is not −3 in Q * /Q * 2 , which means that K C does not contain the cubic roots of unity. Notice also that the quadratic field of definition of C can then be written as Q( √ −3 d C ). We have thus proved half of the following result.
Proposition 5.1 For a Q-curve C of degree 2 such that ρ C,3 is surjective, the octahedral extension K C /Q is the Galois closure of a principal quartic with discriminant different from −3 in Q * /Q * 2 . Conversely, if we let K 1 /Q be a principal quartic extension with normal closure K/Q having Galois group isomorphic to S 4 and not containing the cubic roots of unity, there exist infinitely many Q-curves C of degree 2 defined over
Proof. We must only show the second part of the statement. Suppose that
is not a square. Moreover, k = Q( √ t ) and
This shows that the fixed field of ρ Ct,3 is K k ; in particular, C t cannot have complex multiplication. Notice also that t is determined by the ratio c 3 /b 4 , so that any other principal polynomial defining the extension K 1 /Q and giving rise by the above procedure to the same Q-curve C t must be of the form X 4 + b r 3 X + c r 4 = Tsc(g ; 0, 0, r ; X)
for some r ∈ Q * . Thus, we have infinitely many (isomorphism classes of) Q-curves C of degree 2 defined over k such that K C = K. Indeed, for every rational number s = −4 c/3 b, the principal quartic polynomial (cf. remark 4.1)
satisfying the required conditions.
Remark 5.1 The above relation between Q-curves of degree 2 and principal quartics comes naturally from the Weil restriction process applied to the 3-torsion polynomial of an elliptic curve. More precisely, fix a Q-curve C t as before and write
is a polynomial of degree 16 having an irreducible factor
with discriminant disc(h t ) = −2 8 3 9 t (t − 1) 2 and Witt invariant
so that h t defines a principal quartic extension of Q (see lemma 4.1). In fact, in the surjective case, the splitting field of h t is the S 4 -extension K Ct .
The Tschirnhaus transformation
Tsc h t ; − 1 9 , − 1 9 , 5 9 ; X takes h t to the above polynomial g t (X) = X 4 + 4 (t − 1) 2 X − 3 (t − 1) 3 .
6 Abelian varieties of GL 2 -type attached to principal quartics
In this section we culminate our study of principal octahedral Galois representations characterizing them as the ones arising from Q-curves of degree 2. We also describe the Q-endomorphism algebras of the abelian varieties of GL 2 -type attached to them. Let us first summarize the results of the previous sections. 
Let K 1 /Q be a quartic extension with normal closure K/Q and discrimi-
The following conditions are equivalent:
(1) The quartic extension K 1 /Q is principal. 
for any x ∈ Q * such that b − x 2 ∈ Q * 2 .
(4) There exist (infinitely many) Q-curves C of degree 2 defined over k such that ρ C,3 is a lifting of the restriction of ̺ to G k .
In this case, the solvability of the embedding problems
for G one of the groups 2 S To any Q-curve C like in (4), we associated in section 2 odd octahedral representations
obtained from abelian varieties attached to C, and such that K ρ = K. From remark 3.2, we know that ρ belongs to the set of liftings described in (3). In fact, we will see in 6.2 that they exhaust all such liftings. Now, we turn to the study of the Q-endomorphism algebras for the associated abelian varieties of GL 2 -type with minimal dimension. Recall the 2-cocycle class [c] ∈ H 2 (G Q , Q * ) attached in section 2 to any Q-curve C. In [Que01] and [Que00], Quer computes explicitly its sign component [c ± ] ∈ H 2 (G Q , {±1}) ≃ Br 2 (Q) and makes use of it to characterize the fields of complete definition for C up to isogeny. Borrowing his terminology, we will say that a Galois character ε : G Q → Q * is a splitting
in Br 2 (Q). For an abelian number field L containing the minimal field of definition of C, the existence of a splitting character for [c] factoring through Gal(L/Q) amounts to the existence of a quadratic L-twist C ′ of C completely defined over L and such that the Weil restriction B = Res L/Q (C ′ ) factors over Q up to isogeny as a product of pairwise nonisogenous abelian varieties of GL 2 -type.
From now on, we assume the notation and the equivalent conditions in theorem 6.1, and we let C be any Q-curve of degree 2 defined over k. In this case, a Hilbert symbol calculation shows that (ii) There is a lifting ρ :
In particular, the liftings ρ in theorem 6.1 provide us with splitting characters ε : G Q → Q * for [c]: for every b, r, x like in (3), we have such a character with fixed field
The Q-curve C has then a twist C ′ completely defined over L = k K ε and B = Res L/Q (C ′ ) is a product of abelian varieties attached to C. Following the graphic in remark 4.3, we can use the results of [Que00] to give in each case a splitting character ε providing minimal Q-endomorphism algebras:
we can take b = 1 and r = −3, so that K ε = Q. Then B is of GL 2 -type and 
(e) If the embedding problem 4 S + 4 → Gal(K/Q) is solvable, we can take
(f) Otherwise, we must always have
We conclude with the following result, which characterizes mod 3 octahedral Galois representations arising from Q-curves of degree 2. Proof. As a consequence of theorem 6.1, we only need to prove that (ii) implies (i). According to section 2 and proposition 5.1, if K ρ is principal then there exists a Q-curve C of degree 2 such K ρ = K ρ A,p , where A is an abelian variety of GL 2 -type attached to a splitting map α for C and with Im(ρ A,p ) a subgroup of GL 2 (F 9 ). Since PGL 2 (F 9 ) contains a unique subgroup isomorphic to S 4 up to conjugation, we have that ρ is a twist of ρ A,p ; i.e. ρ ≃ ρ A,p ⊗ ε, for some character ε : G Q → Q * . The result then follows by noticing that this twist corresponds to the abelian variety of GL 2 -type attached to the splitting map α ε −1 .
Numerical examples
We present four sorts of non-cyclotomic examples. The source for quartic polynomials has been taken from the electronic archives at the web site ftp://megrez.math.u-bordeaux.fr/pub/numberfields/degree4long. In each one of the following four tables we consider twenty principal quartic extensions K 1 /Q with octahedral normal closure K/Q ordered by the absolute value of the field discriminants. The first column is labeled d K 1 denoting the discriminant of the corresponding quartic field. The second column gives the polynomial as encountered in the Bordeaux data base. Finally, the third column displays a principal quartic polynomial which is Tschirnhaus-equivalent to the source polynomial.
The criteria used to build the tables agree with the diagram in section 4 and are as follows:
• Table 1 : The embedding problem 2 S + 4 → S 4 ≃ Gal(K/Q) is solvable. To these extensions correspond abelian surfaces with Q-endomorphism algebra Q( √ −2 ). The discriminants marked with the symbol * satisfy (2, −3 d K 1 ) = 1, so that they also give rise to abelian surfaces with Q-endomorphism algebras Q( √ 2 ) and Q(i).
• Table 2 : The embedding problem 4 S − 4 → S 4 ≃ Gal(K/Q) is solvable but 2 S + 4 → S 4 ≃ Gal(K/Q) is not. To these extensions correspond abelian varieties with Q-endomorphism algebra Q( √ −2, √ 2 ). The discriminants marked with the symbol * satisfy (2, −3 d K 1 ) = 1, so that they also provide abelian surfaces with Q-endomorphism algebra Q( √ 2 ).
• Table 3 : The embedding problem 4 S + 4 → S 4 ≃ Gal(K/Q) is solvable but 4 S − 4 → S 4 ≃ Gal(K/Q) is not. To these quartics we can attach abelian varieties of GL 2 -type with Q-endomorphism algebra Q( √ −2, √ 2 ).
• Table 4 : None of the above embedding problems is solvable. In this range of discriminants, none of them satisfies (−1, −3 d K 1 ) = 1. Again, these quartics give rise to abelian varieties of GL 2 -type with Q-endomorphism algebra Q( √ −2, √ 2 ) (see Table 5 below). Table 5 , we give five examples of principal quartic extensions K 1 /Q with discriminant d K 1 satisfying (−1, −3 d K 1 ) = 1 and such that none of the embedding problems corresponding to Tables 1, 2 and 3 is solvable. According to the notation in section 4, this amounts to saying that d K 1 = −2 ν 3 d 1 d 5 , with d 5 = 1. These quartic fields give rise to abelian varieties of GL 2 -type with Q-endomorphism algebra Q(i) .
−3 − x 3 + x 4 −27 + 9 x + x 4 −8640 −6 + 6 x 2 − 2 x 3 + x 4 −12 + 8 x + x 4 −11448 −8 + 8 x − 3 x 2 − x 3 + x 4 −21 + 12 x + x 4 −13176 −2 + 2 x + 3 x 2 − x 3 + x 4 27 + 324 x + x 4 −14715 −3 − 3 x − 3 x 2 − x 3 + x 4 −87 + 41 x + x 4 Table 5 As a final remark, it is worth to point out that we did not pay attention to the problem of minimizing the coefficients in f * (x). This problem deserves further investigation since it is related to the problem of choosing a Q-curve of degree 2 with minimal bad reduction. A possible approach would take into account the reducing techniques developed by Cremona [Cre99] .
